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Decision Iree

* Input zin {0,1}"
» f(z): a question about z

* xlis read through queries of the form: i —x;



Decision Iree




Decision Iree

Computes the OR function



Quantum Query Complexity

e Unstructured search (OR function)
e Given zin {0,1}", flx)=1 iff there exists i s.t. z=1
« Grover’s algorithm: n!/? quantum queries to z
e Element distinctness
o Given zin |M]", flx)=1 iff there exists (i,j) s.t. zi=x;

e Ambainis’ algorithm: n*? quantum queries to z



L ower bounds
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It's possible to prove lower bounds on query complexity!



Lower bounds

e \We focus on Lower Bound Methods
* Polynomial method

* Adversary method

—

1997 1998 2000
Lower bound  Poly Method Adv Method
on OR Beals, Buhrman, Ambainis
Bennett, Bernstein, Cleve,vl\él(c));ca, de
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From classical to guantum queries

 The inputis given as a black box

e Complexity = number of queries to the box



From classical to guantum queries




From classical to guantum queries
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From classical to guantum queries

> aili)
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Quantum query circuit

One big unitary transform
* Measuring |g. returns f(z) with high probability

* Qf)=T

* Lower bound on time complexity
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Quantum query circuit
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e ();: a quantity that grows like the number of
queries.
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I'he polynomial
methoo



History of the Polynomial method

1968 1992 1998

1999 2003

—

Minsky, Papert Beals, Buhrman,
Polynomial Cleve, Mosca,
representations de Wolf

Application to
quantum query
complexity

Nisan, Szegedy
Application to
classical query
complexity
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Mosca, Aaronson,
PhD Thesis Shi
Lower bound
for element

distinctness



Quantum query circuit
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Follow the evolution of the internal state of the
algorithm
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Quantum query circuit
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Quantum query circuit

..vnra

v |

) = Z P b,wl?)[0)|w)

1,b,w

—>
A

Kev idea
The coetticients are polynomials
of degree at most t-1
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Quantum query circuit

Jetery reqsters
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Quantum query circuit
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The variables of the polynomial
(multilinear)
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Polynomial methoo

. Polynomial
T queries are
= e 3 degree at
sufficient
most T
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Polynomial methoo

Polynomial
degree at
least T

T queries are
necessary
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Applying the polynomial method:
the OR function
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Summary of the proof

To lower bound the degree
 Symmetrize the function to make it univariate

* Prove a lower bound on the degree of a
univariate polynomial
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Symmetrization (Minsky, Papert)
D nes, J(m(2))

n!

fovm(a) =

Theorem:
if fis a degree T mutlilinear polynomial, then there exists a

univariate polynomial g of degree at most 1" such that:

g(|z]) = f2" (z)

25



Symmetrization (Minsky, Papert)
D nes, J(m(2))

n!

fovm(a) =

Proot sketch

o fSUm=co+ c;Vi+...+c, Vi, where Viis the sum of all
degree : monomials

g(|z]) = co + 1 (‘”;‘) o cn<‘z‘>
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Lower bound for univariate polynomials (Paturi, 92)

deg(f) = Q(v/n)
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Applying the polynomial method:
Maximum gap for total function

For a total function f:  D(f) <O def %)

B

D(f) = O(deg(f)°)
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Maximum gap for total function

1996: D(OR,) = Q.(OR,)’
1998: Q.(f) < D(f) < 0(Q.(f)%)
2015: QR-(f)) = QQ(f)*®)
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Other applications

 Aaronson, Shi: n?3 Lower bound on Element
Distinctness

e Various functions: statistics, threshold functions,
read-once formulas, etc...

* Extension to communication complexity
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I'he Adversary method



History of the Adversary methoo

2000 2004 2006 2008 2009 2012

T —— >

Ambainis Szegedy, Spalek Hoyer, Lee, Reichardt
Original All methods are Spalek Adv= is optimal
formulation equivalent Generalized
version (Adv#) Belovs
Spalek Adversary lower
.......................................................... Multiplicative bound for

: Ambainis: Weighted (2003) element
: Barnum, Saks, Szegedy: spectral (2003) adversary distinctness
Zhang: Strong weighted (2004)
: Laplante, Magniez: Kolmogorov (2004) :
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Adversary method(s)

Original adversary method
Weighted adversary method
Spectral adversary method

Generalized adversary method
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Adversary methoa
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Adversary methoa
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Adversary methoa
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Adversary methoa

Distance > D

W+ W
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Adversary methoa

Distance > D
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Adversary methoa

Number of

queries > D/d

Distance < d

W1 > W,
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